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Abstract. We here generalise the immersion and submersion theorems of Smale,
Hirsch, Haefliger and Poenaru, Phillips, Lees, and Lashof, giving a relative version in
the case of mersions of topological manifolds. A mersion is a map of manifolds
M™ — Q7 which in the appropriate local coordinate systems has the form R™ — R?
of the standard inclusion or projection of one euclidean space in another. Such a
mersion induces a map of tangent bundles satisfying certain properties. In this paper
the problem of classifying mersions is reduced to that of classifying such bundle
maps.

1. Introduction, definitions and notation. m, n and g will always denote positive
integers with n=max (m, q). The following theorem is proven.

THEOREM 1. Let M™, M'™ and Q? be manifolds with M a locally flat submanifold
of Int M'. Let N be a closed subset of M. Suppose either m <q or that every com-
ponent of M — N whose closure in M’ is compact may be connected to M’ — M by a
path lying in M’ —N. Let 0: U— Q be a mersion of a neighbourhood of N in M'.
Then the map

d: MM, Q) — Z(M, Q)
induced by the differential is a homotopy equivalence.

An immediate corollary is the following classification theorem, cf. Smale [10],
Hirsch [4], Haefliger and Poenaru [3], Phillips [8], Lees [6] and Lashof [5].

THEOREM 2. Let M, M', N, Q and 0 be as in Theorem 1. Then the correspondence
which assigns to a mersion f: V — Q (where V is a neighbourhood of M in M’ and
f agrees with 6 on a neighbourhood of N in M) its differential df. TV — TQ induces
a bijection between regular homotopy classes relative to 0 of germs of mersions of
M in Q and homotopy classes relative to 0 of representations from TM to TQ.

DEFINITION. Let X be a topological space and M™ and Q@ be topological mani-
folds. Then a map f: X x M — X x Q is said to have the uniform mersion property
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with respect to X if and only if for every (x, y) € X x M, 3 a neighbourhood U of
x in X and local charts

h: UxR" > UxM, g:UxR*—=UxQ,

such that 4 and g commute with projection on U, such that for every x’ € U,
(x', y) € h(x’ x R™), and such that the composition

g Yh: UxR™ — Ux R*

is just the map 1 x p, where p: R™ — R? is projection on the first g coordinates
if m=gqand is the natural inclusion if m =g, i.e. p(xy, . . ., Xp)=(X1, . . ., X, 0, .. ., 0).

In the case m=gq, “mersion” means ‘“submersion” and when m=g, “mersion”’
means ‘“‘immersion”. If X is the singleton space, f will be called a mersion (or
submersion or immersion).

We now define the two (complete) semisimplicial complexes .# (M, Q) and
M, Q) above. A semisimplicial complex is as in May [7], but without degenera-
cies, cf. Rourke and Sanderson [9]. Let M™, M'" and Q7 be topological manifolds,
with M a locally flat submanifold of Int M’ and let N be a closed subset of M.
Suppose given a mersion §: U — Q of a neighbourhood of ¥ in M’.

DEFINITION OF # (M, Q). A typical k-simplex F of 4 M, Q) is a germ of
mersions f as follows:

[ AFx V- AFx Q,

where V is a neighbourhood of M in M’, must have the uniform mersion property
with respect to the standard k-simplex A¥, and must agree with 1, x fon A¥ x (some
neighbourhood of N in M’). Another such map

fliNex V' > A x Q

determines the same k-simplex F if and only if 3 a neighbourhood W of M in M’
such that f|A¥x W=f"|A*x W.

DEFINITION OF Z4M, Q). This complex consists of germs of representations
from TM to TQ. Precisely, a k-simplex of Z4(M, Q) is represented by a pair
(D, ) as in the following commutative diagram:

Aex ¥V —F s Akx @

lle lle
0]

Aex W—— AFx Ox Q
llxp1 llxp1
Aex ¥V —2 5 Akx @

where V is an open neighbourhood of M in M’, A: X — Xx X is the diagonal
map, i.e. A(x)=(x, x), and W is a neighbourhood of A(V) in V'x V. ¢ and ®
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must satisfy several additional properties: they must commute with projection on
the A* factor, ® must agree with 1 x 8x 6 on A* x (a neighbourhood of A(N) in
M’ x M'"), and the map

Aex W— AexVxQ
given by
(t, u, u,) g (t’ u, Paq)(f, u, u'))

must satisfy the uniform mersion property with respect to A¥. The last condition
essentially says that ® is a mersion on each fibre. Another such pair (9, ¢')
determines the same k-simplex if and only if ®" agrees with ® on A*x (a neigh-
bourhood of A(M) in M’ x M’). Note that (®, ¢) is actually determined by .

Face operations are defined by restriction to a particular face. Each of the above
complexes is a Kan complex. If N= &, we will omit the subscript 6.

DEerINITION. The differential
d: MM, Q) — Z(M, Q)
is defined as follows. Let fe Fe # (M, Q), say
i ARV — A x Q.

Define ®: Akx Vx V— A*x Qx Q by O, u, u')=(t, pof(t, u), pof(t, v')). Then
define d(F) to be that k-simplex of Z,(M, Q) determined by ®.

DEerINITION. Two mersions f, f': V' — Q, where V is a neighbourhood of M in
M’ such that f and ' agree with 6§ on some neighbourhood of N, are regularly
homotopic relative to 0 if and only if 3 a mersion

F:IxV—>IxQ

satisfying the uniform mersion property with respect to I such that F(0, x)=f(x),
F(1, x)=f"(x), and F(t, x")=(t, 6(x")) for all x € V and for all x" € some neighbour-
hood of N.

Note that if f and f” are regularly homotopic relative to 6 then they determine
the vertices of some 1-simplex of .# o(M, Q). On the other hand, if fand f* determine
vertices of the same 1-simplex of .# (M, Q) then the restrictions of fand f” to some
neighbourhood of M in M’ are regularly homotopic relative to 6.

DEerINITION. Two representations

(D, ), (¥, ¢): TM —TQ

are homotopic relative to 0 if and only if they determine the vertices of the same
1-simplex of Z,(M, Q).

It is now clear that the two sets referred to in Theorem 2 are merely the path-
components of the complexes # (M, Q) and Z4M, Q).

We now give an idea of the proof. The result is firstly proven in the case where
M is obtained from N by adding handles of index <n (see §3 for the definition).
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Suppose that M, is a submanifold of M such that M is obtained from M, by adding
a handle and N=M,. In §5 we prove that the inclusion map i: M, — M gives
rise to a Kan fibration i*: Z,M, Q) — Z,(M,, Q).

In §6, machinery is set up to enable us, in §7, to prove that if the handle added
to M, to give M is of index <n, then the natural restriction

i*: MM, Q) — MM, Q)

is a Kan fibration. Using these results together with Theorem 1 in the case M = B™,
N= @, which is proven in §4, we deduce, in §3, that the map d restricts to a homo-
topy equivalence on each fibre of the fibration induced by 0B* x B™~*< B*x B™~k,
i.e. that d: A4, (B*x B"" ¥, Q) — #,(B*x B"~* Q) is a homotopy equivalence
when k <n, where 7 is any mersion of a neighbourhood of 0B* x B™~* in R".

Looking at the exact sequences of the above two fibrations and connecting
them by d, we then have an inductive method for showing that d: (M, Q)
— %o(M, Q) is a weak homotopy equivalence and hence a homotopy equivalence;
the induction being on the number of handles making up M — N. Details appear
in §3.

§8 considers the general case. Cl (M —N) is covered by coordinate patches,
each of which has a handle-body structure. The relative theorem is then essentially
applied to each of the patches in turn.

The present paper is the major part of my ‘doctoral dissertation written at the
University of California at Los Angeles under the direction of Professor Robion
C. Kirby. I wish to express deep gratitude to Professor Kirby for his advice and
encouragement.

2. Preliminary results.

LEMMA 3. Let K be a finite simplicial complex. Then a semisimplicial map
o: K— MM, Q) determines a mersion - Kx V — Kx Q, where V is a neighbour-
hood of M in M’ such that f agrees with 1 x 0 on K x (a neighbourhood of N in M)
and f satisfies the uniform mersion property with respect to K.

A similar result is valid if (M, Q) is replaced by Z,M, Q), f now being a
representation.

Outline of Proof. For the first case, choose representative mersions f, of the
germ o(o) for every simplex o belonging to a sufficiently fine subdivision of K,
the subdivision being fine enough so that «(o) is a simplex of .#4(M, Q). Since «
is semisimplicial, one can choose a small enough neighbourhood V of M in M’
(using finiteness of K) so that f, and f; agree on (¢ N 7) x V. fis then defined by
gluing the f,’s together. [l

LeMMA 4. Suppose that
i XxM™—> XxQ°

satisfies the uniform mersion property with respect to X. Then for every (x, y) € X x M,
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the charts h and g in the definition of the above property can be chosen to satisfy
either of the following :

(i) for every £ € U, h(£,0)=(¢, »);

(ii) for every (¢, w) € UX R, pag(§, w)=pag(x, w) if mzq.

Proof. Let (x, y) € X x M be given.

(i) Let A’': UXR™— UxM and g': Ux R*— Ux Q be charts furnished by
the definition. Define the required charts by

h(€,2) = K'(§, z+pah =€, ), g€, w) = g'(¢, wppsh' ~Y(E, p)),
where p: R™ — R s as before.

(ii) Let A" and g’ be the charts furnished by (i), with U’ being the corresponding
neighbourhood of x in X. Let A;: R — M be the embedding given by hx(z)
=poh'(¢, z). Similarly define a mersion f; and an embedding g;. We must choose
U, h and g such that for all { e U, g,=g,.

Replace U’ by a smaller neighbourhood U so that if ¢ € U then g.(BY)<g:(R9)
and g4(0) € gx(Int B?). Now define h,: B™ — M to be the composition

r=1_7 Xl hl
B" = BQXB”‘—GM_)quBm_q c R”'__.e—)M'

Define g,=g.: R*— Q. If we define g and % in the obvious way then they
satisfy (ii). [}

For the purpose of the following lemma, by a “basic” cube in I"x I we will
mean a cube of the form I, x - -- x I, ., where each I; is a closed subinterval of
I=]0, 1].

LEMMA 5. Suppose that {I, ..., I} is a collection of basic cubes covering I" x I.
Then 3 another collection {J,,...,J}} of basic cubes such that {J;} covers I"x I,
such that if we set K;=\);.;J; Y (I"x0) then for all j, J; N K; is a flat r-ball in
oJ,, and that for allje{l,...,1},3ie{l,..., k} so that J;<I,.

Proof. The proof is suggested by Figure 1. i}
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The following result is a consequence of Theorem 12-5 in May [7], the five-lemma,
and the exactness of the homotopy sequence of a fibration (Theorem 7.6 in May

[7D.

LEMMA 6. Let p;: E;— B; (i=1, 2) be two fibrations and f: E, — E, be a fibre
map, i.e. pof=fop, for some map f,: B, — B,. Then any two of the following con-
ditions implies the third:

(i) f, restricts to a homotopy equivalence between the image of p, and that of p,;

(ii) fis a homotopy equivalence;

(iii) the restriction of f to each fibre is a homotopy equivalence when considered
as a map from the fibre of E, to the corresponding fibre of E..

3. Proof of Theorem 1 when M — N is a handlebody.

DEFINITION. A manifold M™ is said to be obtained from the manifold N™ by
adding a handle of index k or a k-handle if and only if 3 an embedding

h: 0B*x B~ » ON

such that M is obtained from the disjoint union of N and B¥ x B"~* by identifying
(x, y) € B¥ x B™~¥ with h(x, y) € ON.

We will say that M — N is a handlebody if 3 a sequence N=M,, My, ..., Mi=M,
with /< o0, such that M; is obtained from M;_, by adding a handle.

The proofs of Lemmas 7-9 below appear in later sections.

LEMMA 7. The map d: #(B™, Q) — #(B™, Q) is a homotopy equivalence.

Now suppose that M is a submanifold of M such that M is obtained from
M, by adding finitely many handles and such that N< M,. Then the inclusion
i: My, = M induces natural restriction maps

i*: Ro(M, Q) — Ro(Mo, Q) and  i*: MM, Q) — M (Mo, Q).
LEMMA 8. i*: Zy(M, Q) — Ro(M,, Q) is a fibration.
LEMMA 9. i*: A (M, Q) — M (M, Q) is a fibration if M — M has no n-handles.

LemMA 10. d: A (B*x B™ ¥, Q) — #,(B*x B"~¥, Q) is a homotopy equivalence
if k <n, where v is a mersion of a neighbourhood of 9B* x B™~*,

Proof. (Cf. the lemma on p. 81 of [3].) We prove that
d: M(OB* x B*-¥+1 Q) — R(0B* x B"~*+1, Q)
is a homotopy equivalence by induction on k, Lemma 10 being a consequence of

this proof. To start the induction at k=1, consider the following commutative
square:

d
M(3B* x B™, Q) —> R(3B* x B™, Q)

oo,k

M(0BL x B™, Q) —— R(0BL x B™, Q)



1970] MERSIONS OF TOPOLOGICAL MANIFOLDS 545

where 0B* denotes the collection of points of B* whose last coordinate is non-
positive. « is the restriction map in each case. Note that 9BL x B™ is a subhandlebody
of B x B™. Hence by Lemmas 8 and 9, each of the maps « is a fibration. Now
apply Lemma 6. Condition (i) of Lemma 6 is satisfied by Lemma 7 since 0BL
x Bm~ B™. Condition (iii) is satisfied, since the fibre of « is either .#,(B° x B™, Q)
or Z,(B°x B™, Q), i.e. either #(B™, Q) or Z(B™, Q), since dB° x B™= &. Condition
(iii) then follows from Lemma 7. Thus

d: M(B* x B", Q) —> R(9B* x B™, Q)

is a homotopy equivalence.

Now inductively assume the result for k = 1, k <n. Thinking of B* as the equator
of oB¥*! ie. the boundary of dB**!, we can find a natural inclusion &B* x B!
< OB**! as a neighbourhood of 9B%. This gives rise to an inclusion dB*x Bm~*+!1
< @Bkt x Bm"~* Consider the diagram

d
M(OB**t x B"*, Q) ——> R(0B***x B""k, Q)

oo

M(OB 1 x B"~*, Q) ——> R(0B**1x B™k, Q)

b

M(OB* x Bn*+1 Q) — > (0B x B**+1, Q)

where o is the restriction as above and 8 is the restriction induced by the inclusion.
Now dB**! x B™~¥ is obtained from dB*x B™~*+! by adding a handle of index &,
so by Lemmas 8 and 9, B is a fibration. By the induction hypothesis and by Lemma 7
respectively, the maps

d: M(0B*x B"~¥+1, Q) —> R(0B*x Bm=k+1, Q)
and

d: .//{(@B’ﬂ+1 X Bm_k, Q) > g(aBli+1 X Bm—k, Q)
are homotopy equivalences. Hence by Lemma 6 the map d is a homotopy equiva-
lence on each fibre. But the fibres are isomorphic to #,(B*x B™~*, Q) and
R,(B*x B"~* Q) so that

d: M (B*x B"¥, Q) — R,(B*x B"~¥, Q)

is a homotopy equivalence.

To complete the induction, apply Lemma 6 to the fibrations «, noting that
condition (i) is satisfied by Lemma 7 and condition (iii) by the reasoning above,
since the fibres are isomorphic to .#,(B* x B™~%, Q) and Z,(B*x B"~*, Q). I}

Proof of Theorem 1 in the case where M is obtained from N by adding handles.
Suppose inductively that

d: n/”g(Mo, Q)'_)QO(MO’ Q)
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is a homotopy equivalence and that M is obtained from M, by adding a k-handle.
The hypotheses of the theorem allow us to assume k <n, this fact being obvious
if m<gq, and in the case m=gq, we can find a handlebody decomposition of M — N
containing no n-handles. Hence by Lemmas 8 and 9 the restrictions #4(M, Q)
— Mo(My, Q) and Ry M, Q) — Ro(M,, Q) are fibrations. The fibres are iso-
morphic to 7, (B* x B*~*, Q) and #,(B*x B™ ¥, Q). Thus condition (iii) of Lemma
6 is satisfied by Lemma 10. Condition (i) is satisfied by hypothesis. Hence condition
(ii) of Lemma 6 is satisfied, i.e.

d: MM, Q) — R(M, Q)

is a homotopy equivalence. This proves the theorem when M — N is a finite handle-
body. In the case where M — N requires a countable infinity of handles, the above
gives a projective system of homotopy equivalences. On taking the limit, we obtain
the required result, cf. Phillips [8, p. 203].

4. Proof of Theorem 1 when M =B". We may assume M'=R" with B™ em-
bedded in the usual way. Let 0 denote the origin of R™ Define #(0, Q) as before
but with M’ = R" rather than R?. Let #(Bg, Q) denote the germs of representations
taking the fibre over 0 in TB" to a fibre in TQ. Then there are natural restriction
maps p: A (B™, Q) — #(0, Q) and p: Z(B™, Q) — #(Bg, Q). We thus have a
commutative square

d
M(B", Q) — R(B™, Q)

b
M0, Q) ——> A(BS, 0)

where d, is'induced by d. The following two lemmas show that p and p are homot-
opy equivalences. It is obvious that d, is an isomorphism, so d must be a homot-
opy equivalence.

LemMMA 11. p: A4 (B™, Q) — (0, Q) is a homotopy equivalence.

Proof. We will show that for all r, the homomorphism p,: =(#(B™, Q))
— 7 (A(0, Q)) is an isomorphism, the result then following from May [7, Theorem
12-5].

P« Is surjective. Suppose given «: S™— (0, Q), where « is a semisimplicial

map. Let
[i S xU—-S"%xQ

be a mersion given by Lemma 3. We may assume that U is an open ball centred
at 0. Let ¥ be a concentric ball of half the radius. Then 3 a natural homeomorphism
r: R*— U with r|V=1. Now f(I1xr): S"xR*— S"x Q determines a semi-
simplicial map B: S™ — #(B™, Q). Since r|V=1, pB=«. Thus p, is surjective.

Px is injective. Suppose given a semisimplicial map «: S”— A(B™, Q) such
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that pe is homotopic to a constant map. We must show that « is homotopic to
a constant map. The construction of such a homotopy is similar to the construction
in the proof that p, is surjective, although it involves two steps rather than one.

LEMMA 12. p: #(B™, Q) — #(B}, Q) is a homotopy equivalence.
Proof. Define a homotopy inverse o as follows: given fe F e Z(Bg, Q), then
fi A x0Ox U— AFx Q% Q,

where U is a neighbourhood of 0 in B™ and f is fibre-preserving, commutes with

projection onto A*¥ and is a mersion. Define the neighbourhood V of A(B™) in

R*xR* by V=Jyeon {x}x(x+U), where x+U={ye R"/y—xe U}. Define

D: Ak x V — A x O x Q by O, x, y)=f(1, 0, y—x). Now set o(F)=[®], the germ

of ®. Then po=1 and using contractibility of B™, one readily shows that sp~1. [}
This completes the proof of Lemma 7. [

5. Proof of Lemma 8. We have the following lifting problem:

I"x0 Ho QB(M’ Q)

/1
. -k
(1 H,’ ll

I'xE~ " 5(M,,0)

Now by Lemma 3, h and H, correspond respectively to representations
o: I'xIXTU—-TQ and @4:I'x0xTV—>TQ,

where U and V are neighbourhoods in M’ of M, and M. We may assume U<V,
and commutativity allows us to assume that ¢ and ®, agree on I"x0x TU. Then
we can combine ¢ and @, to get a representation

O (I'xIxTU)VU (I'x0xTV)— TQ.
(I'xIxTU)U (I"x0xTV) is a bundle over (I"xIx U) U (I"x0x V). We wish
to extend @’ to a representation ®: I"x Ix TV — TQ. Now the inclusion map
I'xIxU)UI'x0xV)>TI"xIxV

is a homotopy equivalence. Let p be a homotopy inverse. Then the pull-back
under p of (I"'xIxTU) U (I"'x0OxTV) is I"x IxTV. Let p be the representation
covering p. Then set ®=0'5. |}

6. The isotopy theorem. In this section, we prove the following result.

THEOREM 13. Suppose that f: I'x N—I"x Q satisfies the uniform mersion
property with respect to I'=[—1, 1T, where N* and Q% are manifolds with n2q.
Suppose M™ is a compact submanifold of Int N. Then 3¢ >0 and a map

H:el"xN—el"xN
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such that:
(i) H is a homeomorphism commuting with projection on eI";
(i) H|eI'xdN=1;
(iii) for all (1, x) € el” x M, p,f(t, x)=p,f(0, p2H(t, X)).

If we define a mersion f;: N — Q by fi(x)=p,f(t, x) and a homeomorphism
H,: N— N by Hy(x)=p,H(t, x), then the above result says that for small enough
¢ the family of mersions {f,| M/t € eI"} can be realised by an isotopy {H,} of N
followed by fy, i.e. f; | M =f,H,| M. The value of this result is that in the next section
we will be able to replace consideration of a regular homotopy of mersions {f;}
by consideration of an isotopy {H,} of N.

The above result corresponds to Lemma 3.1 in Phillips [8]. Since Phillips uses
the result that Emb (M, N) is an open subset of Hom (M, N), his proof does not
carry over to the PL or topological cases. The proof below uses a topological
result of Edwards and Kirby [2] concerning deformations of spaces of embeddings.
If the corresponding result in the PL case were true, then, just as in Edwards and
Kirby [2] one could deduce that PL, were locally contractible. The author has
shown that local contractibility of both TOP, and PL, results in TOP, and PL,
being homotopy equivalent which is false, see Kirby and Siebenmann [11, p. 748].
Thus the PL result corresponding to the topological results of Edwards and Kirby
is false, so that the proof below is invalid in the PL case.

The proof requires several preliminary results.

DEerINITION. Let C and V be subsets of R™ with C compact, V open and C< V.
Let p be as before. Define &,(V; R")={f: ¥V — R"/fis an embedding and ¢ = pf}.
Let &o(V, C; RY={fe &o(V; RM/f|C=1}.

LEMMA 14. With V as above, let A be a compact submanifold of R, U an open
neighbourhood of A in R such that U=A U; [04 %[0, 1)], B a compact subset of
R*~% and W an open set in R"~? containing B. Suppose that (Cl1 U)x (Cl W)<V.
Then given any neighbourhood 2 of the inclusion n: V<~ R" in &,(V; R*), 3 a
neighbourhood ? of n and a deformation @: P xI— 2 with gy=1, ¢(#x1)
c&y(V, Ax B; R™) and ¢(f, )|V —(Ux W)=f|V—(Ux W).

Proof. Since neighbourhoods of the form A#(K, e)={fe€ &,(V; R")/for all x € K,
| f(x)— x| < €} are basic where K runs through compact subsets of V" and e through
positive numbers, we may assume that 2=."(K, ¢). Since 4 and B are compact,
we may assume that (Cl U)x(Cl W) is compact. We may assume Cl U=A4
U [04 x [0, 1]]. Define the map

Q: (ClU)x&y(V; R")— E(W; R*™9)

(where &(W; R*~9) is the space of embeddings) by Q(x,f)(y)=¢'f(x,y) for all
y € W, where p': R* — R"~%is projection onto the last n—q factors. Let 2’ be the
e-neighbourhood of the inclusion map in &(W; R*~9%). By Edwards and Kirby [2]
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we can find a neighbourhood £’ of the inclusion in &(W; R*~9) and a deformation
¢ P xI—2 such that ¢'(g,0)=g, ¢'(g,t) agrees with g near oW, and
9'(g, 1) e &(W, B; R*~%). We may suppose that #' is a §-neighbourhood of the
inclusion. Let & be the neighbourhood A(K, 8) of 7 in &,(V; R"). Define the
deformation ¢: Zx I — 2 as follows. Let (f,t) e Zx I and (x, y) € V, where we
think of V as a subset of R?x R~ 4 Set

o(f, )(x, ¥) = fx,») if (x,y)¢ UxW,
= (x’ (P’(Q(x’f)’ l)(y)) if (x’ y) EAXW,
= (x9 <P’(Q(x’f)’ (1 —S)t)(y)) if x= (x/, S) € 04 x [Oa 1]’

and ye W.
Then £ and ¢ satisfy the conditions of Lemma 14. |

LEMMA 15. Lemma 14 remains true if we replace &,(V; R") by &,(V, D; R*) and
Eo(V, Ax B; R*) by &,(V, (A% B)U D; R") where D" is a compact submanifold
of R* and (A x B) " D= A x B’ for some B'< R"~1.

Proof. The proof of Lemma 14 carries over if one uses the relative theorem of
Edwards and Kirby to get ¢'. [}

LEMMA 16. Given any neighbourhood 2 of the inclusion n: V < R, 3 a neighbour-
hood 2 of v in &,(V; R™) and a deformation ¢: P x I — 2 of P into £,(V, C; R™);
V and C as above.

Proof. Thinking of R™ as the product R?x R"~9, we have, for all xeC 3 a
closed cube C,x C; where C, is a closed ball in R? and C; is a closed ball in
R"-9, such that xe(Int C,)x(Int C;) and C,xC,<V. Now the collection
{(Int C,)x(Int C;)/x € C} is an open cover of C so 3 a finite subcover, say
{(Int C,)x(Int C3), ..., (Int C,) x(Int C;)}. Order the nonempty subsets {e;} of
{l,...,r}in such a way that ¢,<a, = i2j. Let s=2"—1. For all i=1, ..., s define
compact subsets K; of R"~7 inductively as follows. K; should contain (j.; C/ in
its interior and should satisfy (., C)x K,< V. Given K, .. ., K;_1, choose K| to
satisfy:

(1) Ky 0 K;# & for j<i<>a;<ay, in which case K, N K;=0K, N 0K;;

(2) U {Kj/a;> e} contains (M, C; in its interior;

(3) (Ujear‘ Cj) X K‘C V.

For convenience, we will abbreviate (J¥.; [(Ujeq, C;) % Ki] to U*. Using (2) one
can show that

C< ) CxCl < U
i=1

Next, for all i=1, ..., s, choose open sets U, in R*~4 satisfying
1) K< U;;
(2 if ydeo;and «; ¢ «;, then U, N U;= g ;
3) Usew, CHx(CLUY<V.
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The deformation of the suitably chosen neighbourhood £ will take s steps, the kth
step of which will be a deformation of a neighbourhood 2, of nin &, (V, U*~1; R™)
down into &, (¥, U¥; R™), with the deformation taking place in .

Choose 2, to be a neighbourhood of 7 in &(V, Us~1; R") such that Z;< 2.

Given a neighbourhood £, of 5 in &y(V, U*; R") such that &, ;<2 choose
Z, .1 and 2y as follows. Apply Lemma 15 with A=Jjcs, ,, Cj, B=Ky.11, D=U¥,
W=U,,, and U a suitably small open neighbourhood of A4 in R? chosen so that
Ux W) N U {(Ujeq, Cj) x Kifeyt a1 and o, ;¢ e}= 2. Lemma 15 gives us a
neighbourhood £, ., of 7 in &,(V, U¥; R™) and a deformation of % ,, in
down into &y(V, U¥*'; R"). Now if k>0, choose a neighbourhood Z; of 7 in
&o(V, U¥~1; R*) such that #, =&, , .

Define the neighbourhood £ to be #,. Then £ is a neighbourhood of 7 in
&,(V; R™). The above gives us a sequence of deformations of £ in 2 down into
Eo(V, Us; R). But &y(V, Us; RM)<E,(V, C; R"), so that we have found the
required neighbourhood and deformation. [Jjj

Proof of Theorem 13. By Lemma 4(ii), for all x € N, 3¢, >0 and local charts

h: e " x R* > ¢, I"x N, g e " xR > I"xQ,
with x € poh(t x R™) for all t € &,I", h and g commuting with projection onto &,I",
such that if (¢, y) € &,I7 x R then p,g(t, y)=p,g(0, ¥), and
g Yh =1xp: e xR~ e, ]"x R%

By compactness of M we can cover M by finitely many open sets U; where
Ui=h0,i(Rn)’ .

hy:R'—>N  (tee,l)
being the embedding defined by A, () =p.hi(t, y), where

h: e "X R e, I"x N
is the chart corresponding to x; € N.

Let e <min, ¢,,. Refine {U;} to an open cover {V;} of M; each V; being open in N
and Cl V;< U;. We may choose ¢ >0 small enough so that for all ¢ € el

Mc Ll) hy ihs i (V).

We will inductively construct a cube

17“: W,—N
of embeddings, for ¢ € ¢I”, where W, is a closed neighbourhood of | Ji_, (Cl1 ¥))
in N, satisfying H, ;=1 and f,H, ;=fo| W;, where f; is as before.

Start of the induction (i=1). Choose W,< U, such that Cl V;<Int W, and set
H,,=h, h5}|W,. Then H,,=1 and fH,,=fh h;i=g.0hsi=fo, Where g:
R*— Q is the embedding so that

Ixg: e "< R —> e, I"x Q

is the g given to us by Lemma 4(ii).
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Continuation of the induction. Suppose we are given W, and H,, We will
construct W,,, and H, ,,,.

Let X;,, and Y;,, be open sets satisfying Cl V;,,<Y;,,<Cl Y;,,<X;,,
<Cl X;;1< U4y, and let W/ and W/ be closed sets satisfying (Ji_, Cl V;
clInt W/ W/cInt W/ < W/<Int W,. Set W,,,=W; U (Cl Y;,,). If ¢ is chosen
small enough, then H, (W, N Cl X;,,)<h,;,,(R").

Consider the open set Z;=hgi,(Int W;N X;,;)<R". The composition
hi 1 H, ho i 41 gives another embedding of Z, in R". Moreover, on Z;, we have

0 = phi 1Ht,¢ho.i+1a

by use of the inductive hypothesis. Thus A% H, ho141|Z; € Eo(Z;; RY). Note
that when =0, this embedding is just the inclusion, so if we let C; denote a com-
pact set in R" containing hg},,(Cl Y;,; N W) in its interior and contained in
Z{=h5}.(Int W’ N X;,,), Lemma 16 allows us to pick e so small that the cube
of embeddings {h % 1H, hoi+1 | Zi/t € eI} deforms into Ex(Z;, C;; R™). Moreover
this deformation can be chosen to leave the cube alone on Z;—Z;. Let the end
product of the deformation of ;% H, ho;+1|Z; be denoted by h,,.,: Z;, — R™
Then

M) Ryyvr=hii Hyihoyvron Z—Z7

V) Et,i+1=l on C;;

) =0l .15

C) Eo,i+1=1;

(5) the embeddings 4, ;, , vary continuously with respect to .

Now W/ N Cl Y,,,—Int W/ is a closed set contained in the open set Int W,
N X;,,. Hence by (4) and (5), if ¢ is small enough, we have

hato (WP 0 Cl Y, —Int W) < h,;,1(Z).
Define H, ,,, as follows. Let x € W, . Then

H, i 41(x) = Izt,i(x) if xe W,
= Hihois1hiihsta(x) if xe W 0 Cl Y, —Int W,
= ht,i+1h0_,il+ l(x) if X € Cl ),{+1_Int W;’.

One can readily check that the union of the above three subdomains is W, ;.
One can also check that H, ,,, is a well-defined mersion (hence an embedding for
sufficiently small ¢), that H, ;,,=1 and that £,H,,,,=fo| Wi, 1.

This completes the inductive construction of the cube H,, We thus have a
cube of embeddings

H:W-—>N (tee),
where W is a closed neighbourhood of M in N, satisfying H,=1 and f,H,=f,| W.
Since only a finite number of adjustments were made to ¢, we still have ¢>0.
By continuity of the cube with respect to ¢ and since H,=1, we may assume ¢ >0
so small that M < H(W). Now define H,: M — N by Hy(x)=H; *(x). If ¢ is small
enough then H(M) N dN= &. Now extend the isotopy {H,} above to a cube of
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homeomorphisms H;,: N— N so that H|ON=1, using the Isotopy Extension
Theorem of Edwards and Kirby [2]. The required homeomorphism is then given

by H(ta X)=(f, Ht(x)) .

7. Proof of the fibration lemma for mersions. It suffices to consider the case
where M — M, is a single k-handle, k <n, as this then enables us to prove the
result by induction. We thus have the following lifting problem:

I'x0 __Ho _ 4(B*xB"-* Q)

A
,‘1 H,,,, li*

I'xI Z_k__, 4B —3}Int B¥) x B ¥, Q)

By Lemma 3, & may be thought of as a cube, A, : (3B*—4% Int B¥)x4B"~*
— Q((t, s) € I' x I), of mersions, where we take (3B*—% Int B¥) x4B"~* to be the
abstract regular neighbourhood of (B¥—# Int B¥) x B™~* furnished by the definition
of A (M, Q). Similarly H may be thought of as a cube

H,,:3B*x4B" % - Q (t,s)eI'xI)

of mersions. Our task is to extend A, (|(2B*—% Int B¥)x2B"~* to H,, given H,,.
We may assume that

B, o|(2B*—% Int B¥)x 2B"*=H, ,|(2B*—} Int B*)x 2B"~¥,

by commutativity of the above square.

The major difficulty to be overcome is illustrated by the following example,
which also shows the necessity of the hypothesis k <n.

ExaMpLE. Take r=0, m=k, g=2, Q=R® Let H, be the standard embedding
of 3B2 in R? and h, be the regular homotopy which fixes points below the x-axis
and drags (0, 1) linearly along the y-axis to (0, —1), see Figure 2. We see that
there will be no difficulty extending h,|(2B%—#% Int B%) to H, when s<%, but
hg 3 cannot even be extended to a mersion let alone one which would make H; a
regular homotopy.

The above example can be adapted to give a regular homotopy of submersions
of an open annulus in R': merely take the interior of the above annulus and
project the various stages in Figure 2 onto the y-axis. Again there will be trouble
when s=2/3.

We precede the proof of Lemma 9 by an outline of it.

Using the compactness of I"x I and Theorem 13 above, we will reduce our
consideration to the case where Condition (*) is satisfied.

CONDITION (*). 3¢, € I" such that if (¢, s) € I" x I, then

hy,[(2B*—3% Int B)x 2B""¥] < hy,,o[(3 Int B*~1B%) x 3 Int B"~¥],
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Il
—_

s=% s

FIGURE 2
and 3 a cube
8.t 2B*—% Int B¥)x2B" "% — (3 Int B*—1B*)x 3 Int B*~*

of embeddings such that g, =1 and for all (¢, s) e I"x I,
hto,Ogt.s = ht,s(ZBk'—% Int Bk) X an_k.

We will assume #,=0.

Condition () says that the cube 4, ; of mersions can be realised by composing
a cube of embeddings in M with the mersion h, o. Thereafter we will work with the
cube g; , of embeddings rather than the mersions 4, ;. We will define H, ; to be
H, , on 1B*x2B"~*. We would like to be able to define H, ; on

(34B*—% Int B¥) x2B" ¥

to be just H; 08: but this does not overcome the difficulty of the example above.
It is here that the hypothesis k <n comes to our rescue, for in this case the factor
4B"~* contains a line. Lemma 18 below will allow us to “push 49B*x4B™~¥ out
of the way”’ along this line during the interval s € [0, ¢]. This would correspond to
lifting a circle in the annulus of Figure 2 up out of the plane. While this push is
being carried out, we essentially use g, ; to extend H, ; (s<¢) over (£B*—14 Int B¥)
x2B"~*. H, , will then be in the “good position” of Haefliger and Poenaru; in
fact we will have pushed 30B* x 2B"~¥ out into 2B*x (4B"~*—3B"~¥). For s2e,



554 DAVID GAULD [June

we will define H, ; to be H;, on (B*—1 Int B¥)x2B"~* and on ($B*—1% Int B¥)
x2B"~* we will essentially just extend g, to a cube of homeomorphisms on
3B x 3B™~* which fix the boundary and then see what the cube does to H; .

Proof that the truth of Lemma 9 under Condition (*) implies Lemma 9 in the
general case. For all (¢, s) € I" x I, choose a basic closed cube I, ;, a neighbourhood
of (¢, s)in I" x I, as follows. Since the closed set (2B*—} Int B¥) x 2B™~* is contained
in the open set (3 Int B*—B*)x 3 Int B*~*, we can choose I, ; so small that if
(v, 0) and (7', 0’) € I ,, then

h. o[(2B*—3% Int B¥)x 2B"~*] < h.. ,[(3 Int B*—}B*)x 3 Int B"~¥].

Let ¥ and W be two compact submanifolds of the interior of (3B*—}B*)x 3B~
such that
(2B*—%Int B)x2B"* < Int V< V < Int W.

Then by Theorem 13, if 7, ; is small enough, we can find a cube of homeomorphisms
8tsno: (3B¥—% Int B¥)x3B*~* — (3B*—} Int B¥)x3B"~¥ such that g,,,.=1,
gt,s,l,ala[(3Bk_% Int Bk) X 3Bn—k] = Ia ht,sgt,s,z,a =h‘t,d 61‘1 W9 and

gt,s,t,a[(sz_% Int Bk) X ZBn_k] cVe gt,s,‘t,d(W),

for all (v, 0) e I, . .

Now the collection {Int [, /(¢,s)el"x1I} is an open cover of I"xI. Let
{I, ..., I} denote the closures of the members of a finite subcover. Let {Jy, ..., J;}
denote another cover given to us by Lemma 5. Let K; be as in Lemma 5. Extend
h, s to H, s over each of the cubes J; in order thus: suppose 4, ; has been extended to
H, , for (t,5) € K; (j=1). Since J; N K; is an r-ball in 8J;, J; can be thought of as a
homeomorphism of I"x I with J;N K; as the “floor” I"x 0. It suffices to verify
Condition (*). Let (¢, s) € J; N K; denote the point corresponding to (0, 0) under
the above identification. 3 i so that J,< I;, and I; was the neighbourhood correspond-
ing to (¢, s;) in the cube. Then

h, [(2B*—% Int B¥)x 2B*~¥] < h, [(3 Int B*—}B*) x 3 Int B*~¥]

for all (, ¢) e J;< 1, so that the first part of Condition () is satisfied. One may
check that the remaining parts are satisfied if the cube of homeomorphisms

g.0: (38—} Int B¥)x 3B*~* —» (3B*—} Int B¥)x 3B"~*

is defined by gt,a=gt:,§4,t,8gt‘,s‘,t,0' .
We will therefore assume Condition (x).

LEMMA 17. Let M™ be a manifold with C a compact subset of M so that C N oM
= &, .and U a neighbourhood of C in M. Suppose given a cube o, ;: U—> M of em-
beddings of U in M, (t, s) € I' x I, and a cube B,,,: M — M of homeomorphisms such
that B;o|oM=1 and o, o=P;o|C. Then we can extend the cube B, to a cube B, ;:
M — M of homeomorphisms such that B, (oM =1 and o, ;=B, ;| C.
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Proof. By the Isotopy Extension Theorem, Edwards and Kirby [2] we can
extend «, ¢|C to a cube y,,: M — M of homeomorphisms such that y, ;oM =1.
Define the required f; ; by B, s=7v:svi0B.0-

LEMMA 18 (CF. HAEFLIGER AND POENARU). Under Condition (%), 3 >0, an
arbitrarily small neighbourhood U of (2B*—% Int B¥)x2B"* in 2B*x2B"~* and a
cube

fist 3B*—1% Int B¥)x 3B"~* — (3B*—} Int B¥)x 3B"~¥
of homeomorphisms, (t, s) € I" x [0, €], fixing o[(3B* —} Int B*) x 3B ~¥] satisfying:
() fi.s=g:.s on 2B*—% Int B¥)x2B"¥;
(i) ho,oft,ol U= Ht,ol U;
(iii) fi,s=f:0 on the frontier of U in 2B* x 2B" ¥,

Proof. Take U to be any neighbourhood of (2B* —% Int B*)x 2B"~*in (2B* —}B¥)
x 2B™~* such that the closure of U is a submanifold with boundary. Now g, , is
defined on U and is a cube of embeddings of U in (3 Int B*—1B*)x 3 Int B* ¥,
Thus by the Isotopy Extension Theorem, 3 a cube of homeomorphisms

vt (3B —1 Int B¥)x 3B"~* —> (3B*—1 Int B¥)x 3B"~*

such that y,=g; o, on U and y,=1 on the boundary.

Now let ¥ be a compact manifold in the interior of (3B*—1B¥) x 3B™~* which is
a neighbourhood of (2B*—% Int B¥) x 2B"~¥ containing U, with the frontier of U
in 2B¥x2B""* contained in @¥V. Now on (2B*—% Int B¥)x2B"" ¥, y; g, o=1.
Hence 3 ¢>0 so that y; g, [(2B*—% Int B¥) x2B"~¥]<V when s<e. Thus we
may apply Lemma 17 to extend 1, and y,"'g, ,|(2B*—% Int B¥)x 2B"~* to a cube
of homeomorphisms 8, ;: V' — V, s<e, with §, |0V =1. Finally, define f; ; (s<¢) by

ﬁ,s(x) = ')’tat,s(x) if xeV,
=y ifx¢V.

REMARK 1. Since f; |@=1, we can extend f; ; to a cube of homeomorphisms on
(3B*—% Int B¥)x 4B"~*, by defining them to be 1 on the added domain. We will
assume f; ; to be so extended.

REMARK 2. For simplicity of notation, we may take U=(2B*—14 Int B*)x 2B" ¥,
The “pushing” of $0B* x 2B"~* requires the map

a: [0, e]x [3,2]x[-2,2] - [-2,4]
defined by
7 3y

ofs, x, y) = y+(1—3|2x—1|)‘£ (5__4-) if x =

=y if x>

Note that (0, x, y)=a(x, %, y)=ofs, %, y)=y and o|{e} x {3} x [— 2, 2] takes [—2, 2]
linearly to [3, 4].



556 DAVID GAULD [June

Thinking of B' as the /-fold product of [— 1, 1] and letting |x| =max {|x|, . . ., [x|}
when x=(x,, ..., x;) € B}, we may define

B: [0, e] x (2B*—4% Int B¥)x 2B"~* — (2B*—} Int B¥)x4B"~*

by B(s, X, (P15 - - +» Yn-i))=(x, (a(s, |X|, ¥1); Yoy - - -» Yn-x)). It is here that we require
the hypothesis k <n.
H, , may now be defined for s<e as follows:

Hi2) = hoofiB(s,2) if z€ (2B~ Int BY)x 2B,
= Ht,O(Z) if ze %‘Bk X 2Bn—k.

One can readily check that H, ; so defined is well-defined and is a regular homotopy.

Now that we have put H, . into a “good position”, we can extend to H, , (s=¢)
as in Haefliger and Poenaru. The Isotopy Extension Theorem allows us to extend
the isotopy {g: .} given by Condition () to a cube of homeomorphisms {G, s} of
(3B¥—} Int B¥) x 4B" ¥ such that G, ;|(3B*— Int B¥) x (4B"~*—3B"~¥)=1. Define

H, (2) = ho,0G; B¢, z) if z e (2B*—% Int B¥)x2B""%,
= H, (2) if ze1B*x 2Bk,

It is readily checked that H, ; so defined satisfies the conditions required of it.
This completes the proof of Lemma 9. [l

8. Proof of Theorem 1 in the general case. We start with an outline of the proof.
If Cl (M — N) is compact, then we can cover it by finitely many coordinate patches.
Each of these patches can be given a handlebody structure, but those structures on
overlapping patches may not agree: this is why we cannot use the handlebody case.
Instead, we apply the relative handlebody case to each coordinate patch in turn.
If Cl (M —N) is not compact, we divide it into a countable increasing union of
compact sets such that any set is contained in the interior of its successors, and then
apply the previous case to each of these in turn.

On setting K=S?, L= &, respectively K=B?*1, L=S7 in the following lemma,
we get that

dy: m(M (M, Q) > m(Z(M, Q))

is surjective, respectively injective. Thus by Theorem 12.5 in May [7], d is a homo-
topy equivalence. In the lemma, we assume M, N, M’, Q and 6 are as in Theorem 1.

LEMMA 19. Suppose given a finite simplicial complex K, a subcomplex L and
simplicial maps «: L — MM, Q) and B: K— Ry(M, Q) so that du=B|L. Then
we can extend « to y: K — MM, Q) such that dy=B.

Proof. It suffices to consider the case where K is a p-ball B? and L is its boundary
SP-1, p20 (S~*= @), as this will give us an inductive method for extending «
over the p-skeleton of K—L.
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By Lemma 3, « and B correspond respectively to f: SP~1x U — S?~1x Q and
g: BP x W — B?x Q x Q, fand g satisfying the usual conditions, U a neighbourhood
of M in M’ and W a neighbourhood of A(U) in M’ x M'. Since da=p|S?~*, we
may assume that U and W are so small that df~g over S* 1, say by g,, with g,=g,
g:=djf. Our task is to extend fand 6 to a mersion f: B> x V — B?x Q, V a possibly
smalle* neighbourhood of M in M’ and f satisfying the usual properties, with
df~g.

Case 1. Suppose firstly that Cl (M — N) is compact. Let {U;} be a finite cover
of Cl (M — N) by open sets, each homeomorphic to R", and U, U. Refine {U}}
to another open cover {V;} with Cl ¥;< U,. Assume Cl V; is compact. We will in-
ductively construct maps

fii BPx W, —> B*x Q

satisfying the usual conditions, with W,= U and with W,= W, U P, being a neigh-
bourhood of | J;<; (C1 ¥;) U N for some finite set P,. f, will agree with f on S?-1
x W,, and df;~ g by a homotopy g, , such that g, ,=g and g, ,=djf, over W,

Start of the induction. The induction starts trivially at i=0.

Continuation of the induction. Suppose f,_;, W,_, and P,_, have already been
constructed. Give U; a handlebody structure in such a way that every handle
meeting a neighbourhood of (Cl V;) N [U,; (Cl ¥;) U N] lies in Int W,_,, that
these handles are chosen first and these are then followed by handles meeting
(C1 ¥)—[U;<; (C1 ¥;}) U N]. Let X, denote the union of the first handles above.
Now X, is a manifold with boundary and is a neighbourhood of

C1V)n [/LJ (ClV)u N].

Hence by Brown [1, Theorem 2], £, is collared. Thus we can find another handle-
body X/ such that X/ is also a neighbourhood of (Cl ¥)) N [\, <, (Cl ¥;) U N1,
X! is abstractly the same handlebody as £, and £,=X/ U aX;x[0,2], with
x € X/ identified with (x, 0) € 8X; x [0, 2]. To obtain £;, merely push £, along the
collar of 0 a bit. Now alter the handlebody structure on U, a bit so that £ is
a subhandlebody instead of X;. Let X, denote the union of those handles which
either lie in X] or meet Cl ¥, and have index <n. Let X, denote the union of all
handles, in this new structure, which meet Cl V,. We will define ﬂ on X,, there
being a natural extension over all of X, minus the centres of the n-handles. P, will
then be the union of P;_, with the centres of the above n-handles.
Define a new representation over U,,

g BPx[Wn(UxU)]—B"xQxQ

as follows: Over U,— X, set g'=g. Over £/ U X/ x[0, 1], set g’'=df,_,, and if
(»,t)edX/x[1,2], xe B* and z€ M’ are such that

(xs (y, t)’ Z) € B”x [Wﬁ (Ui X lji)]’
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set g'(x, (¥, 1), 2)=82-¢.i-1(x, (, 1), 2). Define the homotopy g; over S?~! with
go=g' and g =df, g. constantly df=df;_, over S?~!x[X/ U aX/x[0, 1]—P;_,]
thus: g,=g, over U;— X, and if (x, (, t), z) is as above, then

g;(xa (y, t)9 Z) = g(2—t)(1—s)+s,£—1(xa (,V, t)a Z).

Now fand g’ determine maps «; and B; from S?~* and B” to #;,_ (X,—P;_1, Q)
and %;_,(X,—P;_,, Q) respectively, g; giving a homotopy between do; and
Bi|S?~1. By using that part of Theorem 1 already proven, we can extend «; to

Vit Bp—>'//{/¢-1(/?i—Pi—1’ 0)
so that dy;~B;. Lemma 3 now provides a mersion
fii BPx W/ —> B*x Q

satisfying the usual conditions and a homotopy from g’ to df;. Moreover, f; and
the homotopy agree with f;_; on a neighbourhood of £/—P;_;, so that they
extend over a neighbourhood W, of [N U ;. (Cl ¥;) U X,]—P,_,. Clearly g is
homotopic to g’ by a homotopy which leaves g alone over U;— X;. Thus g~df;
over U, and hence over W, This completes the induction, so we have a map
f: B>x V — B?x Q satisfying the usual conditions, where ¥ U P is a neighbour-
hood of M in M’ for some finite set P, and a homotopy g, from g to df. We may
actually assume that f and g, are defined over B?—3 Int B® rather than just S?-!
by a natural radial extension, and that f agrees with f there.

After deleting points of P as necessary, P<Cl (M —N)— N. Run disjoint arcs
through M — N out into M’ — M such that each point of P lies on one of these
arcs. These arcs have trivial normal bundles which may also be taken to be dis-
joint and to miss N. Now define an isotopy h,: V— V, where V=V UP as
follows: ho=1, hy(V)<= ¥V, h,=1 off the union of the above bundles, and h; pushes
along the normal bundles. Now define f: B? x ¥ — B? x Q by

F(x, ) = (%, haa-1(»)) if %] 2 %,
= f(x, hy(»)) if x| = 4.
Note that if x € §?~1, then f(x, y)=£(x, y)=f(x, y). Define g,: B> x TV — B*xTQ
b
' &dx, y, 2) = g(x, hal(), 2) if |x| 2 and t+|x| < 1 or
if |x| £4and? <4,
= a1 - ona(X haa-1ap(¥), 2) if |x] 2 $and 14 |x] 2 1,
= fa-1(x, (), 2) if x| £%and?2 4.
Then g,=g and g, =df. This completes Case I.

Case 1I. If Cl1 (M —N) is not compact, express it as the union of countably
many compact sets {M;} such that for all i, M;<Int M, ;. The first part of Case I
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tells us how to find a mersion f;: B x U, — B*x Q, U, U P, being a neighbour-
hood of N U M, in M’ for some finite set P, such that f; extends fand the mersion
6 of a neighbourhood of N, and a homotopy g;,,: B*xTU; — B x TQ from g to
df;. Now suppose that f;_;: B°x U;_, — B?x Qand g,;,_,: B°xTU;_, - B*xTQ
have been defined, U,_, U P,_; being a neighbourhood of N U M;_, in M’ for
some finite set P;_;. Then the first part of Case I enables us to extend f;_; and
8:.i-1, restricted to some smaller set if necessary, to f; and g, ;. Continuing thus,
we obtain a mersion f,: B?x U, — B"x Q and a homotopy g; »: B?xTU,
— BP x TQ satisfying the required conditions, where U, U P, is a neighbourhood
of U2, M, U N, ie. of M, in M'; P, being some countable set. Thus it remains
to extend f, and g; ., over the set P,,. We proceed as in the second part of Case L.
Suppose x € P,. If x is in a component of Cl (M —N)— N whose closure in M is
compact, then join x to M'—M by an arc =,: [0, 1) > M'—N. If not, then the
following lemma allows us to find a proper arc =,: [0, 1) - M — N so that 7,(0)=x
and {Cl =, [0, )} " N= @. The arcs =, may be taken to be disjoint, so that they
have disjoint neighbourhoods. Now proceed exactly as in Case I, constructing an
isotopy which pushes U,, U P, along the arcs 7, into U,. [I}

LEMMA 20. Suppose M™ is a manifold and N is a closed subset of M with M— N
a connected set having noncompact closure. Then 3 a proper arc =: [0, 1) > M so
that {Cl«[0, )} " N=g&.

Proof. Choose an open neighbourhood U of N in M so that M — U is connected
and Cl (M —U) is noncompact. To ensure that M — U is connected, we may join
the components of M — U by arcs in M — N if necessary and then delete the union
of such arcs from U. Let V be another such neighbourhood whose closure lies in
U. Using separability, cover M—Cl U by countably many open discs. (“Open
disc”” here means a homeomorph of Int B™, the *““centre” being some distinguished
point of the disc.) Add to this collection countably many discs whose centres lie on
(C1U)—U and which lie in M—Cl V. By paracompactness, alter the cover if
necessary so that no compact subset of M — V' meets more than finitely many of
of the discs. If the closure in M of any of these discs is noncompact, then a radial
arc in such a disc will satisfy the requirements. Thus we may assume that each
disc has compact closure in M.

Choose a disc C, from the collection and define {C;} inductively as follows.
Given C;_,, let C; denote the union of those discs in the collection which have
not yet been chosen and which meet C;_,. Run arcs from the centre of C, to the
centres of each of the discs comprising C, such that each of the arcs lies entirely
inside the two discs whose centres it joins. Continue this process inductively as
follows. Suppose arcs have been constructed to the centres of the discs comprising
C;-;. Then for each pair of discs, one in C;_; and the other in C;, which have a
nonempty intersection, construct arcs between their centres, the arcs lying inside
the union of the discs. Denote by A the collection of such arcs.
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By connectivity of M — U, each disc appears as part of C; for some i. Indeed,
such a disc can be connected to C; by an arc between their centres. But this arc is
compact, so it meets only finitely many of the discs, say n of them. Then certainly
the disc is in C; for some i<n.

By noncompactness of M — U and compactness of the closures of each of the
discs, we have that for all n, C,# @. Thus for all n, 3 an arc made up of n segments,
i.e. extending into C,. Define the arc = inductively as follows. m(0)=centre of C;.
Suppose |[0, 1 —1/n] has been defined for some n= 1, with =(1 —1/n) the centre
of some disc in C,, so that for all i>n, 3 an arc in A passing through #(1—1/n)
and continuing to C;. Now C, ., will have only finitely many discs meeting the
disc centred at =(1 — 1/n) since the closure of this disc is compact and any compact
set meets only finitely many of the discs. Thus at least one of these discs will contain
arcs of A which proceed arbitrarily far, i.e. to C; for arbitrary i>n. Then define
m(1 —1/(n+ 1)) to be the centre of such adiscin C, ,,, and let #|[1—1/n, 1 — 1/(n+ 1)]
be that arc of A joining the two points. [JJjj
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